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ABSTRACT

In this work an SEIR model that described the dynamics of transmission of denque fever were proposed and
analyzed. The standard method is used to analyze the behaviors of the proposed model. The results shown that there
were two equilibrium points; disease free and endemic equilibrium point. The qualitative results are depended on a
basic reproductive number . We obtained the basic reproductive number by using the next generation method and
finding the spectral radius. Routh-Hurwitz criteria is used for determining the stabilities of the model. If , then the
disease free equilibrium point is local asymptotically stable: that is the disease will died out, but if , then the
endemic equilibrium is local asymptotically stable. After that the SEIR model is modified from the first model by
adding optimal control functions that includes two time — dependent control functions with one minimizing the
contract between the susceptible human and the infected vector and the other, minimizing the population of the
infected human. The result from the numerical solutions of the models are shown and compared for supporting the
analytic results.
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INTRODUCTION

Dengue is a mosquito-borne infection found in tropical and sub-tropical regions around the world. In recent years,
transmission has increased predominantly in urban and semi-urban areas and has become a major international
public health concern.Severe dengue (also known as Dengue Haemorrhagic Fever) was first recognized in the 1950s
during dengue epidemics in the Philippines and Thailand. Today, severe dengue affects most Asian and Latin
American countries and has become a leading cause of hospitalization and death among children in these regions
(WHO) [1]. estimated about 50 to 100 million cases reported. Around 500,000 people are estimated to be infected
by hemorrhagic dengue fever each year. Four serotypes of the dengue virus exist and are called DEN1, DEN2,
DEN3 and DEN4. Infection by one type of the virus confirms permanent immunity to further infections by the
infecting strain and temporary immunity to the others. The disease is usually found in tropical region of the world.
This disease can be transmitted to human by biting of infected Aedes Aegypti mosquitoes [1]. This mosquito breeds
in artificial water containers such as discarded tires, cans, barrels and flower vases, all of which are usually found in
the domestic environment. Dengue fever (DF) is characterized by the rapid development of the illness that may last
from five to seven days with headache, joint and muscle pain and a rash [2]. The symptom of dengue patients may
occur from four to twelve days after exposure to an infected mosquito. Current data suggests that the immune
Mathematical models have become an important tool for understanding the spread and control of disease. Because
of this disease is caused by virus, therefore no drug can cure this disease specificially. This paper is organized as
follows. In section 2, we present an SEIR model for denque fever in Andaman area The standard method is used to
analyze the behaviors of the proposed model. The analysis of optimization problem is presented in section 3. In
section4, we give a numerical appropriate method and the simulation corresponding results. Finally, the conclusions
are summarized in section 5.

MATHEMATICAL MODEL
In this paper, we study the transmission of denque fever through mathematical modeling. By using the standard
method to analyze the behaviours of the proposed model which was adopted [2]. The population consist of two

groups : human population N, and population vector N . Human population divided into four disease-state

compartments: susceptible individuals (S) , people who can catch the disease; exposed individuals (E) , people
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whose body is a host for the infectious agent but are not yet able to transmit the disease; infectious (infective)

individuals (T) , people who have the disease and can transmit the disease; recovered individuals (ﬁ) , people
who have recovered from the disease. Population vector or mosquitoes N are divided into three groups of

mosquitoes:  the susceptible mosquitoes population SU , the exposed ~ mosquitoes population E and the

infected mosquitoes population |, . In this study, we assumed that there are numbers of people in the populations

that have already infected by the virus while others have not. It is also assumed that the transmission of the virus
continues in the population but number of mosquitoes as the vector is constant. People and mosquitoes are
categorized in one group at a time. Then we obtained the transmission model as shown by a system of ordinary
differential equations as follows.

Human Population;

ds B.cly
2N, —(Eh
1Ny = ( N,

+p+1,)S 1)
dE _
dt
di - = -
E:(PhE_(Hh‘*'Yh"'ah)l (3)
dR - =
EZYhIh_Hth 4
Where; S+E+1+R=N, )
Vector Population;

(% +p)8— (1, +,)E @

ds, B.cl =

b =B (4 )S 6
ot ( N, H,)S, (6)
dE, Bl \= -

v = (Fuh)S —(u, +8,)E 7
dt ( Nh ) v (MU \)) v ()
dl,
dt

=8,E, —u,l, 8)

Where; S_U+E_U+E=N =— 9

v

Where;
S(t)is the susceptible human population at time t
E(t)is the exposed human population at time t
1(t)is the infected human population at time t
R(t) is the recovered human population at time t
N, is the total number of human population ,
S, (t) is the susceptible mosquitoes population at time t
E, (t)is the exposed mosquitoes population at time t
1,(t) is the infected mosquitoes population at time t
N, is the total number of mosquitoes population,

c is average bite of mosquitoes that potentially infected
B is the constant recruitment rate of the mosquito,
u, is the death rate of human population ,

p, is the death rate of mosquitoes population ,
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«,, is the death rate caused by denque itself

¥y, is the duration of infection in the body
3, is the proportional rates of mosquitoes exposed to the virus infection
o, is the proportional rates for people exposed to the denque virus infection

cl, . L . .
h is the rate of mosquitoes infected with denque virus
h
B,C =y, is the sufficient rate of correlation from vector to human

c, . o . .
L is the infection rate to individuals who have the potential to be infected
h
B.C is the sufficient rate of correlation from human to the vector
p is the percentage of infected mosquitoes
From equations (1) — (9) ,the model can be simplified as follows

ds B.clo =
— =N, - (= +p+p,)S 10
at lvlhh(Nh P+ Hy) (10)
dE Bl < =
—= +p)S—(u, +9,)E 11
T N, P)S = (1, +¢p) (11)
ar - = -
E:(phE_(uh+’Yh+ah)l (12)
dE, B.cl.= =
v (22 _(n +6)E 13
it (Nh)u(uu WE, (13)
di, . = -
> =3 E, —p,l 14
dt L v “\) ( )
. . . S E ] E, 1, ,
We normalize equations (10)-(14) by letting S=—, E= —,1 =—,E =—%andl, =—% and ,then we get;
Nh Nh Nh Nu NL)
The system of equations (15):
ds
E:uh(l—S)—pS—ahSIU
dE
E:(ahlu—’_p)s_(uh_'_(ph)E
di
a:(PhE_(“h""Yh"'ah)l (15)
dE, =y, A-1,-E)I-(n, +3,)E,
dt
dl
> =3 E —pl
dt v L “’\) v

Where R() , S, can be obtained from equations  S(t)+E@)+I({t)+Rt)=1and S, +E +1 =1
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Basic properties of the model
The equilibrium points for (S",E",I',E, 17) are found by setting the right hand side of each equations (15) equal to

zero. We obtained two equilibrium points as follows;
S— My ,
(b +p—oyl,)
(oyl, + Py

- (1 + @) (1 +p_0‘h|u)’
_ (@) (e, +p)
(b + 7+ 0 ) (1 + @) (1 +p_ahlu)‘
_ Vo (@) (a1, +p)
Yo (n@p) (0, +p) + (uy +8,)(v 1+, 48, )1y + 7y + 01y + @)y +p— ot ,) l
| = 3,7, (k@) (], +p)
T O (@) (ol p) + (e + 8, (1 by 8, )1y + 7y + ety )1y + @)y +p = ay,)

v

Disease Free Equilibrium Point (E,) : In the absence of the disease in the community, there are | =0
and 1, =0 ,weobtained E,(S,E,I,E,, 1) where
S= "’lh , — PHh , =0'
(14 +P) (1 + @4 )1y, +P)
Yo (L @n)P

I\) =

E\) = !
Yo (@) + (1, +8,) (1, + 3, ) (1, + ¥y + o )y + @y ) (1, +P)

Endemic Equilibrium Point (E,) : In case the disease is presented in the community, | = Oandl =0 ,
we obtained, E,(S,E",I',E",I",)where;
S = My ,
My +p—0,l")
_ (a,", +p)Hy
(i + @)1y +p— 1) ‘
_ (@0 (0,1, +p) ’
(1 + 7 + o) (1 + @) (1 +p = l)
E' = ¥, (@, ) (0, 1, + )
1 (@) (e, ) (e +8,)(, 1 Ry 8, )y + 7 0y + ) (1 P 0y 17)
_ B,Y, (npr) (oI, +p)
1y (Vo (@i )0 17, +p) + (1, + 8, )07, 17 + 1y +8,) (1, + 74 + o )1y + 04 )1y +p =0t 17,)

v

Basic Reproductive Number (R,)
We obtained a basic reproductive number by using the next generation method (van den Driessche and
Watmough, 2002)[9]. By rewriting the equations (5)—(7) in matrix form;
X

dcTt =F(X) - V(X) (16)
Where F(X) is the non-negative matrix of new infection terms and V(X) is the non-singular matrix of remaining
transfer terms.
And setting;

oR(E,) M(Eo)
| |75 “

forall 1,]=12,3,4,5  pe the Jacobean matrix of F(X)and V(X) at E,.The basic reproductive number (R,) is
the number of secondary case generate by a primary infectious case (Andeson and May, 1991; van den Driessche
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and Watmough, 2002) or basic reproductive number is a measure of the power of an infectious disease to spread in
a susceptible population. It can be evaluated through the formula;

p(FV?). (18)
Where FV™ is called the next generation matrix and p(FV*l) is the spectral radius (largest eigenvalues) of Fv™.

Then we get the reproduction number R where ,

Rg — (BhCIU / Nh)SO (19)
Yh
Finally, Routh-Hurwitz criteria is used for determining the stabilities of the model. . If R, <1, then the disease free

equilibrium point is local asymptotically stable: that is the disease will died out, but if R, >1, then the endemic

equilibrium is local asymptotically stable. Optimal control is the standard method for solving dynamic optimization
problems ,when those problems are expressed in continuous time (Lenhart and workman,2006). In this paper ,we
use this method as part of control measures for denque fever epidemics. Into the system of equations (15), we
include two controls a and b that represent, respectively, the effort that reduces the contract between the infectious
vector and the susceptible individuals and also to reduces the infectious human. The mathematical system with
controls is given by the nonlinear differential equations subject to non-negative initial conditions as the following;
%zuh(l—S)—pS—ah(l—a)Slu
dE
dt
di
a:(PhE*(Hh+Yh+ah)bl (20)
dE,
dt

di
o =8 E, —p,l
dt v v l’l'l)l)

cB
With value ¢, = Py ,

Ny 4,
S(0)=0,E(0)>),1(0)>0,E,(0)>0 and 1,(0)>0

= (o1, )AL -2)S+pS— (1, +,)E

=v,d=1, -E)Ib—(u, +8,)E,

OPTIMAL CONTROL FOR THE DYNAMICS OF DENQUE FEVER MODEL
In this section we use the optimal control theory to analyze the behavior of the system of equations(ZO) . The

objective one is to minimize the susceptible human and the infected vector and the other is to minimize the
population of the infected human. Mathematically, for a fixed terminal time t; , the problem is to minimize the

objective functional;
t

B B

J(ab)= j{E(t)+ 10+ 22 (1)+ v (t)}dt @
0

The parameter B, >0 and B, >0 denote weights that balance the size of the terms for a fixed terminal timet, .

Hence we are interested in finding an optimal control pair a‘and b’ ,such that:
J(a’,b")=min{J (a,b):(a,b)sU} (22)
Where, U = {(a, b):0<ab<lte [O,tf ] uaand b are Lebesgue measurable}

Next, applying the Pontryagin’s Maximum Principle (Kirschner et al.,1997),we derive necessary conditions for our
optimal control and corresponding state variables, including the two control functions. Therefore we have five
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corresponding adjoint variables where A, corresponds to S , A, corresponds to E , 4, corresponds to | , 4,
correspondsto E_ and A correspondsto |, .
The Hamiltonian adjoint equations

The Hamiltonian equation is formed by allowing each of the adjoint variables to correspond to each of the state
variables accordingly and combining the result with the objective functional as below:

H:E(t)+l(t)+%a2( sz +zm 29)

Where f; is the right hand side of the differential equation of the i" state variables.

The adjoint equations are formed by taking the derivative of the Hamiltonian with respect to each of the state
variables as follow;

By applying the Pontryagin's maximum principle [9] and the existence result of optimal control from [10], we obtain
the following theorem:

Theorem 1
There exists an optimal control (a*,b*) eU ,and corresponding solution S*,E*, 17, E*Uandlz that minimize

J(a,b) over U .And there exists adjoint functions A, A,, A;, A,and A verifying;

H== S0+ prr (-, ) - 2a((@), ) A-a() + )
7 :_a_H:ﬂ'z(ﬂh +¢,) = A, —1,

ﬂ;——@—ﬂgb(t)(ﬂhwhwh) Ay, (1=1,-E,)b() -1,
/1;=—2—|;—i(b(t)7ul+uu+5) 459,
%__H_(ji A, (L—a(t))S + 4,7, Ib(t) + A,

With the transversality conditions A, (t;) = A, (t;) = A4 (t;) =4,(t; ) =A(t;) =0, and the optimize control
(a*,b*) is given by

— {1 - { (4= A)(y1,)S" }}

Bl

b’ _m'n{lmax{ (et 7y +00) = gm(l—l —E*U))I*}}

Proof.
The existence of optimal control can be proved by using the results from [9]. The adjoint equations and
transversality conditions can be obtained by using Pontryagin's Maximum Principle such that

K== S0 = A+ prran -, - 2 (@, ) A-a() + )
Ze :_%:/{z(ﬂh +¢h)_23(0h -1,
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, oH

/13 :_ﬁz//l?,b(t)(/uh +}/h +ah)_2’4yu (1_ IU - Ev)b(t)_l’
, oH

A4 =~ = 27,V +p,+6,)— 40,

== = Gy = Ao)an (-5 + Ay, 10 + Aot

the optimal control pair (a*, b*) are obtained by finding the derivative of the Hamiltonian equation with respect to

the control variables, equating to zero, and solving equation. Then we get;

&~ Bal)+ 4,81, ~ 4 (], )S.
a

Let Ba(t)+A4a,Sl,—4,(e,1,)S =0
Then the optimal value for a is;

o= A)l)s’

a
Bl
png H _ BOO =2t + 70+ )l + Ay, A1, ~E)
ob B,
L BBO-A0 7 @)+ 47,01, -E)l _

BZ
Hence the optimal value for b is;

b* — (%(/’lh +;/h +ah)_ﬂ’47/lj(1_ IU — EU))I*
BZ

By the bounds in U of the control, the optimal control pair (a*, b*) is given by

a” =min {1, max {0, (% _ﬂl)éah 1,)S" }}

w:mm%ﬁm{Q“4%+%+“ﬁ—§%a—W‘EUN?}

For supporting analytic results we need to resolve the optimal control model numerically.

(24)

NUMERICAL SIMULATIONS
In this section we present the results obtained by solving numerically from the following optimality system:;
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dS_ u, (1-8)-pS—-a,(1- mm{l max{ O‘)”B)(OL“I“)SH)SIu

dt 1

%E = (ol )~ min{l, max{o,MW}})S+pS—(uh +¢,)E

j:—cphE (uh+vh+ah)(mln{lmax{ s (““”“M‘“)B?ﬂ o1, E"))I}})l

dclj:_t"=“/u(1—l -E )I(mln{l max{ (3(““+Yh+a“)8?4y -1, EU))IH)—(HU+SU)EU

di, _ |

dt
ﬂ{=—%—%(ﬂh +p+a,(l- mln{l max{ (- %)(ahl”)s}})lu)
g (), ) (1~ mln{l max{ C ‘1;(““'0)5}} o)
%:_g_:—lz(ﬂh"'%) A, —
%:—%—T_ﬂe(mm{l max{ Galon 0+ ) A 0, Ev”'}})(uhmmh)
~27,(1-1,~E, )(mln{l max{ st 47, + 1) Bj47“(1 = ))I}})—l
%:_S?H: 4((mln{1 max{ (st + 7+ 24) Bma EU))I}})%,%MU)_@U
zg:—ZTH—(A A)at, (1 mm{l max{ N H)S

+4,7, I(mm{l max{ (altty 7, + ) B/l“y”(l !, —E))l }}Hﬁsﬂu

2
With $(0) = S,, E(0) =E,, 1(0) =1, E,(0)=E, andl,(0) =1, and 4 (t,)=0,(i=1,234,5)
Since ,there were initial condition for the state variables and terminal conditions for the adjoints and the optimality
system is two-point boundary value problem, with separated boundary conditions at t =0 and t, . Then we use the
semi-implicit finite difference method to solve the optimality system (20).
We partition the interval [to,tf] at the point t; =t +ih(i=0,1,2,...,n), where h is the time step such that

t. =t,. And we define the state and adjoint variable S(t), E(t), I1(t),E, (), 1,(t), 4,4, A, A, A5 and the
control @ and b in terms of nodal points S, E., I | ﬂii,ﬂzi,ﬂ;,/lj,ﬂg,ai and b'. Then we use a

i’ i i? l)l’ l)l,

combination of forward and backward difference approximation as follows:
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S-S i

th - = U, (1_Si+1)_psi+1_“hsm(l_a )Iui

E .—E i

.+1h i :(ahlui )(1—a )5i+1+,05i+1_(ﬂh +€0h)Ei+1
.. —1 i
%:%Eiﬂ—(ﬂh‘ﬂ’h"'ah)blm

E, —E, -
%:7/0(1_ IUi _EUM)I”lbI _(’uU +50)Evi+1
Iu-l_lu,

h 5” EUi+1 - [Llu IUi+1
By using above technique, we approximate the time derivative of the adjoint variables by their first-order backward-
difference as the following;

Qzﬂln—i—l(ﬂh +p+ah(1_ai)|ul+l)_l;—i ((ahlui+l)(l—ai)+p),

h
n—i _ gn-i-1 . .
n—i _ n—i-1 i . f i
% =20ty + ) =47, (1_ L.~ B, )bl -1

L = 2O 4 8) = A,

n—i __ qn-i-1 ) ) ) _ _ _
A A S A A

The algorithm for the approximation method to obtain the optimal control as follows;

Algorithm
step 1 S(0)=S,,E(0)=E, 1(0)=1,,E,(0)=E,,1,(0)=1,,4(t;)=0(i=1234,5) and
a(0)=b(0) =0
Step 2: For i =0,...,n—1,do
Si+hu,
i+l

T 1h(, + pra,l, 1-a)
h(a,1, @1-a')+p)S,, +E,
1+h(u, + o)
_ hg,Ei + 1,
1+h(w, +7, Jrczh)bi
hy, (1- lum)lmbi +E,
Ry b+ +8,)+1
hs,E, +1,

Vi

i+1

i+l

1+hp,
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A +h((a, I, )A- a)+p)A

h[ +P+0‘h(1—ai)|ui+l]+1
v +h(1+¢h/13n4)

1+ h(ﬂh ‘th)
e A7 +h@+ 4y b' -1, -E, )

1+hb' (a4, + 7, + )

ln—i—l — /uH + h/15r17i5u
‘ 1+h®'y 1, +u,+36,)
_ A +h((T - AT A-a) S~ A7 b))

ﬂln—i—l —

ﬂ?n—i—l —

n-i-1
% 1+hu,
M = (lzn_i_l - %n_i_l)(ah l,.1)Si1
B
T _ (i;iiil (70 + ) — l:7i717u 1- IU,A - Eu,ﬂ)) i
B,

a"*' = min {1, max{0, M i+1}}

b'** = min {1, max{0, T‘*l}}

End for

Step 3:

ST(t)=S.E (t)=E.I"(t)=1.Et)=E,.1;(t)=1,a (t;)=a'andb™(t;) =1b'

End for

The simulations at endemic state were carried out using the following values taken from tablel, with initial

condition; S(0) = 99900 ,E(0)= 10500 ,1(0) = 24.13 ,E,(0) =0.01andl(0) = 0.1 and results show
100000 100000 100000
below;
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Tablel Parameters values used in numerical simulation at endemic state.

Parameters Description Value
i, Death rate of human populations 0.0000391 day*
W, Death rate of vector populations 0.071 day?
p Percentage of infected mosquitoes 0.09
5 Proportional rates of mosquitoes exposed to the | 0.1428
? virus infection
Y the duration of infection in the body 0.329
B.C the sufficient rate of correlation from human to | 0.75
vector
B.c=v, the sufficient rate of correlation from vector to | 0.375
human
N, Number of human populations 100000
a, Death rate caused by denque itself 0.000003
o, Proportional rates for people exposed to the | 0.167
denque virus infection

SUSCEPTIBLE HUMAN & TIME

SUSCEPTIBLE HUMAN
°
el
I

[

T T T T

S-W/O
—SaW/C

2000

L L
4000 6000 8000 10000
TIME

[
12000 14000

Figures 1 Represent time series of susceptible individuals (S) with and without controls. It’s show the different

between the number of susceptible individuals (S) with and without controls are small positive values, it means
that the number of susceptible should be decrease after control.
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Figures 2 Represent time series of exposed individuals (E) with and without controls.

It’s show the number of exposed individuals (S) with controls are increased rapidly.

INFECTED HUMAN & TIME
120 T T T T T T

—_— W/Oo
—W/C

INFECTED HUMAN

L L L L L [
o 2000 4000 6000 8000 10000 12000
TIME

14000

Figures 3 Represent time series of infectious individuals (1) with and without controls.

It’s show that the number of infected individuals (S) with controls are decreased rapidly.

EXPOSED VECTOR & TIME

0.18 T T T T T T

EXPOSED VECTOR

o 2000 4000 6000 8000 10000 12000

Figures 4 Represent time series of exposed vector (EU) with and without controls.

It’s show the number of exposed vector (E,) with controls are increased rapidly.

INFECTED MOSQUITOES &TIME
T

14000

— V-W/O
—AW/C

INFECTED MOSQUITOES

° L L L

o 2000 4000 6000 8000 10000
TIME

Figures 5 Represent time series of infected vector (1) with and without controls.

It’s show the number of infected vector (I ;) with controls are decreased rapidly.
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CONCLUSION

In this paper, an SEIR model for transmission of denque fever with the were proposed and analyzed. To reduce the
contract between the susceptible human and the infected vector and the other, minimizing the population of the
infected human. The optimal control theory has been applied. By using the Pontryagin's maximum principle, the
explicit expression of the optimal controls was obtained. Simulation results indicate that the difference between the

numbers of susceptible individuals (S), exposed individuals (E) and infectious individuals (1) ,exposed vector

(E,) and infectious vector (I, ) compare with and without control. After control are decreased rapidly.
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